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Abstract
Here we study the very ample line bundles and the birationally very ample line bundles on
a reduced but reducible projective curve X (e.g. classify all stable curves of compact type on
which every very ample line bundle induces an arithmetically Cohen–Macaulay embedding and
the genus g stable curves without a very ample line bundle of degree at most 3g− 1). We also
give a condition implying that two morphisms f :X → P1 and h :X → P1 factor through the
same involution.
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1. Introduction
In this paper we will study very ample line bundles on reduced and connected
but reducible curves. We will 7nd some curious phenomena which do not occur for
irreducible curves. For instance we will 7nd several connected nodal curves which may
be embedded in P3, but for which no such embedding is linearly normal (see Remark
11). We will also 7nd (see Theorem 4 and Corollary 1) nodal curves with arbitrarily
high arithmetic genus and on which every very ample line bundle has Property N0 in
the sense of the following de7nition [5, p. 302].
Denition 1. Let X be a reduced and connected projective curve and L a very ample
line bundle on X . Let hL :X → Pn, n = h0(X; L) − 1, be the embedding associated
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to L. L is said to have Property N0 if for every integer t ¿ 0 the multiplication map
H 0(X; L)⊗t → H 0(X; L⊗t) is surjective, i.e. if the curve hL(X ) ⊂ Pn is arithmetically
Cohen–Macaulay.
Let X be a reduced projective curve. A morphism h :X → Pn is said to be birational
if there are only 7nitely many pairs (P;Q)∈X ×X such that P = Q and h(P) = h(Q)
and the diDerential of h is injective at the general point of each irreducible component
of X . The latter condition may be dropped in characteristic zero. A spanned line bundle
L on X is said to be birational or birationally very ample if the morphism hL :X → Pn,
n=h0(X; L)−1, induced by the complete linear system H 0(X; L) is birational. Consider
the following question.
Question 1. Classify and study the reduced and connected projective curves X with
one of the following properties:
(a) Let L be any spanned line bundle on X such that deg(L|T )¿ 0 for every irre-
ducible component T of X ; then L is very ample.
(b) Let L be any spanned line bundle on X such that deg(L|T )¿ 0 for every irre-
ducible component T of X ; then there is a very ample line bundle M on X such
that deg(M |T ) = deg(L|T ) for every irreducible component T of X .
(c) Let L be any spanned line bundle on X such that deg(L|T )¿ 0 for every irre-
ducible component T of X ; then L is birationally very ample.
(d) Let L be any spanned line bundle on X such that deg(L|T )¿ 0 for every irre-
ducible component T of X ; then there is a birationally very ample line bundle M
on X such that deg(M |T ) = deg(L|T ) for every irreducible component T of X .
(e) Let L be any spanned and birationally very ample line bundle on X ; then L is
very ample.
(f) Let L be any spanned and birationally very ample line bundle on X ; then there
is a very ample line bundle M on X such that deg(M |T ) = deg(L|T ) for every
irreducible component T of X .
We work over an algebraically closed base 7eld K . For some of the results related
to Question 1 we will assume char(K) = 0. In Section 2 we will give a few results
related to Question 1 and prove the following result.
Theorem 1. Assume char(K)=0. Let X be a reduced and connected projective curve
such that every spanned line bundle R on X with deg(R|T )¿ 0 for every irreducible
component T of X is very ample. Then there is a spanned L∈Pic(X ) such that the
morphism hL :X → Pn, n=h0(X; L)−1, maps isomorphically X onto a union of lines.
Furthermore, for any such L we have h1(X; L) = 0.
Take a curve X as in the statement of Theorem 1. We will study the birationally
very ample line bundles on X (see Theorem 6).
Then we will consider in more details the case of stable curves. In Section 3 we
will prove the following result.
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Theorem 2. (i) For all integers g, d with g¿ 2 and d¿ 3g and every genus g stable
curve X there is a degree d very ample line bundle on X.
(ii) A stable curve of genus g¿ 2 has no degree 3g− 1 very ample line bundle if
and only if it has g irreducible components, each of them with arithmetic genus one.
A genus g stable curve X has g irreducible components, each of them with arithmetic
genus one if and only if the graph of its irreducible components is a tree and every
irreducible component of X has arithmetic genus at most one.
Theorem 2 is just the case k =m= 0 of the following result, which will be proved
in Section 3.
Theorem 3. Let X be a connected projective curve with only nodes as singularities,
with pa(X )=g¿ 2 and such that there is a semistable genus g curve Y ⊆ X such that
X is the union of Y and m¿ 0 smooth rational curves. Let f :Y → C be the stable
reduction of Y and let k¿ 0 be the number of smooth rational curves contracted by
f. Then there is a degree 3g+ k + m very ample line bundle on X. There is no very
ample degree 3g + k + m − 1 line bundle on X if and only if C has g irreducible
components, each of them with arithmetic genus one.
Denition 2. Let X be a projective curve. We will say that X is of semi-compact type
if it is reduced, connected, every singular point of X lying on at least two irreducible
components of X is an ordinary node of X and there is an ordering C1; : : : ; Cs of the
irreducible components of X such that card((C1 ∪ · · · ∪Ci)∩Ci+1)=1 for every i¡ s.
We will say that X is of quasi-compact type if it is of semi-compact type and every
irreducible component of X has only planar singularities.
If X is of semi-compact type, then Pic0(X ) ∼= ×si=1Pic0(Ci). For any curve X of
semi-compact type and any ordering of its irreducible components as in De7nition 2
the connectedness of X and the condition card((C1 ∪ · · · ∪ Ci) ∩ Ci+1) = 1 for every
i¡ s imply that every curve C1 ∪ · · · ∪ Ci, 16 i6 s, is connected. A stable curve
is of compact type if and only if it is of semi-compact type and all its irreducible
components are smooth. In Section 5 we will prove the following result.
Theorem 4. Let X be a curve of quasi-compact type. Every very ample line bundle
on X has Property N0 if and only if every irreducible component of X has arithmetic
genus at most 3 and no genus 3 component is hyperelliptic.
The following result is a particular case of Theorem 4.
Corollary 1. Let X be a stable curve of compact type. Every very ample line bundle
on X has Property N0 if and only if every irreducible component of X has genus one,
two or three and no genus three component of X is hyperelliptic.
Let h :X → P1 be a 7nite morphism. Under what conditions on X and h are there
morphisms  :X → C and ! :C → P1 such that h = ! ◦  and neither ! nor  is
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birational? If X is a smooth curve, this problem was classically solved by an application
of Castenuovo–Severi inequality. In Section 3 we will use the same tools to study the
case of a reducible curve X (see Proposition 2 and Corollary 4).
The referee made several helpful remarks: thanks a lot !
2. Proof of Theorem 1
Remark 1. Let X be a reduced projective curve and " the set of all irreducible com-
ponents of X . The natural map Pic(X )→∏T∈" Pic(T ) is surjective.
Remark 2. Let T be a reduced and irreducible projective curve. Every non-trivial
spanned line bundle on T is very ample if and only if T ∼= P1 (use for instance
Remark 3 below and handle directly the case pa(T ) = 1).
The following immediate corollary of Remark 2 shows that small modi7cations to
the statement of Question 1 do matter !
Corollary 2. Let X be a reduced projective curve and " the set of all irreducible
components of X. Every irreducible component of X is smooth and rational if and
only if for every spanned line bundle L on X such that L|T is non-trivial for every
T ∈" the line bundle L|T ∈Pic(T ) is very ample.
Remark 3. Let T be a reduced and irreducible projective curve. Set g := pa(T ). As
in the proof of Lemma 1 below it is easy to prove the existence of L∈Pic(T ) such
that deg(L) = g+ 2, h1(T; L) = 0, L is spanned and such that the associated morphism
hL :T → P2 is birational. Since (g+1)g=2¿ 2 if g¿ 2, L is not very ample if g¿ 2.
Hence we easily obtain that every non-trivial spanned and birationally very ample line
bundle on T is very ample if and only if g6 1.
From Remark 3 we immediately obtain the following corollary.
Corollary 3. Let X be a reduced projective curve and " the set of the irreducible
components of X. We have pa(T )6 1 for every T ∈" if and only if for every spanned
and birationally very ample line bundle L on X all line bundles L|T , T ∈", are very
ample.
Remark 4. Let X be a connected and reduced projective curve. We have pa(X ) = 0
if and only if every irreducible component of X is smooth and rational and there
is an ordering X1; : : : ; Xs, s¿ 1, of the irreducible components of X such that for
all integers i with 16 i¡ s the curve X1 ∪ · · · ∪ Xi is connected, card((X1 ∪ · · · ∪
Xi) ∩ Xi+1) = 1 and the point Pi := (X1 ∪ · · · ∪ Xi) ∩ Xi+1 is a seminormal point
of X1 ∪ · · · ∪ Xi+1, i.e., calling $i its multiplicity, the curve X1 ∪ · · · ∪ Xi+1 is for-
mally isomorphic at Pi to the completion at 0∈A$i of the union of the axes
of A$i .
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Proposition 1. Let X be a connected and reduced projective curve such that pa(X )= 0.
Let L be any spanned line bundle on X such that deg(L|T )¿ 0 for every irreducible
component T of X. Then L is very ample.
Proof. Let X1; : : : ; Xs, s¿ 1, be an ordering of the irreducible components of X such
that for all integers i with 16 i¡ s the curve X1 ∪ · · · ∪ Xi is connected, card((X1 ∪
· · · ∪Xi)∩Xi+1)=1 and the point Pi := (X1 ∪ · · · ∪Xi)∩Xi+1 is a seminormal point of
X (Remark 4). The result is obvious if s = 1, i.e. if X ∼= P1. Hence we may assume
s¿ 2. Since X1 ∼= P1 and deg(L|X1)¿ 0, L|X1 is very ample. Fix an integer i¡ s
and assume that L|X1 ∪ · · · ∪ Xi is very ample. Since Xi+1 ∼= P1, deg(L|Xi+1)¿ 0 and
length((X1 ∪ · · · ∪ Xi) ∩ Xi+1) = 1, the cohomology exact sequence associated to the
Mayer–Vietoris exact sequence
0→ L|X1 ∪ · · · ∪ Xi ∪ Xi+1 → L|X1 ∪ · · · ∪ Xi ⊕ L|Xi+1 → L|Pi → 0 (1)
gives the surjectivity of the restriction maps H 0(X1 ∪ · · · ∪ Xi ∪ Xi+1; L|X1 ∪ · · · ∪ Xi ∪
Xi+1)→ H 0(X1∪· · ·∪Xi; L|X1∪· · ·∪Xi) and H 0(X1∪· · ·∪Xi∪Xi+1; L|X1∪· · ·∪Xi∪Xi+1)→
H 0(Xi+1; L|Xi+1). Since L|Xi+1 is very ample, using Remark 4 we obtain the very
ampleness of L|X1 ∪ · · · ∪ Xi ∪ Xi+1 and then inductively the very ampleness of L.
Lemma 1. Let T be an irreducible curve with only planar singularities and pa(T )¿ 2.
Then for every integer d¿pa(T ) + 3 there is a very ample degree d line bundle L
on T such that h1(T; L)=0. A general R∈Picd(T ) satis:es h1(T; R)=0 and it is very
ample.
Proof. For every integer x the scheme Picx(T ) is an irreducible smooth variety of
dimension g and for every integer y¿ g+1 a general R∈Picy(T ) satis7es h1(T; R)=0.
Fix M ∈Pic(T ) such that h1(T;M)=0. M is very ample if and only if for every length
two zero-dimensional subscheme Z of T we have h1(T;M ⊗ IZ) = 0 ([4], Remarks
2.1 and 2.2). Since T has only planar singularities, the set of all such subschemes Z is
parametrized by a scheme, A, whose irreducible components have dimension at most
two. Hence we easily conclude counting the dimension of all pairs (M; Z)∈Picd−2(T )⊗
A such that h1(T;M ⊗IZ) = 0.
The same proof gives the following result.
Lemma 2. Let T be an integral projective curve. For every integer d¿pa(T ) + 2
there is R∈Pic(T ) such that deg(R) = d, h1(T; R) = 0, R is spanned and the induced
map hR :T → Pd−g is birational.
Lemma 3. Let X be a reduced projective curve, C ⊂ X a union of some of the
irreducible components of X and M ∈Pic(C) such that M is spanned by its global
sections. Then there exists L∈Pic(X ) such that L|C ∼= M , L is spanned by its global
sections and the restriction map H 0(X; L) → H 0(C; L|C) is surjective. If M is very
ample, then we may :nd a very ample L∈Pic(X ) such that the restriction map
H 0(X; L)→ H 0(C; L|C) is surjective and L|C ∼= M .
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Proof. If C = X , then there is nothing to prove. Hence we may assume C = X . Let
D ⊂ X be the closure in X of X \ C. Set Z := C ∩ D (scheme-theoretic intersection).
Hence Z is a zero-dimensional subscheme of D (perhaps empty). Since D is projective,
there is R∈Pic(D) such that h1(D;IZ;D⊗R)=0, R is spanned and h1(D;IW;D⊗R)=0
for every zero-dimensional subscheme W of D with length(W ) = length(Z) + 1. By
Remark 1 there is L∈Pic(X ) such that L|C ∼= M and L|D ∼= R. Since the sheaf
IC;X ⊗L is supported on D and, as an OD-sheaf, it is isomorphic to IZ;D⊗R, we have
h1(X;IC;X⊗L)=h1(D;IZ;D⊗R)=0. Hence the restriction map H 0(X; L)→ H 0(C; L|C)
is surjective. Since M is spanned, H 0(X; L) spans L at each point of C. Fix any P ∈X \
C. Since length(Z ∪{P})= length(Z)+1, we have h1(D;IZ∪{P};D⊗R)=0. Hence the
restriction map H 0(X; L)→ H 0(C; L|C)⊕L|{P} is surjective. Hence H 0(X; L) spans L at
P, concluding the proof of the 7rst part. The second part is similar and left to the reader:
instead of a point one has to check the surjectivity of the restriction map H 0(X; L)→
H 0(Z; L|Z) for every length two subscheme Z of X ([4], Remarks 2.1 and 2.2).
Lemma 4. Let X be a reduced projective curve such that all spanned and birationally
very ample line bundles on X are very ample. Then pa(T )6 1 for every irreducible
component T of X.
Proof. Fix an irreducible component T of X and a spanned and birationally very ample
R∈Pic(T ). By Lemma 2 the proof of Lemma 3 gives the existence of a spanned and
birationally very ample L∈Pic(X ) such that L|T ∼= R. By assumption L is very ample.
Hence R is very ample. By Corollary 3 we have pa(T )6 1.
Lemma 5. Let X be a reduced projective curve such that every spanned line bundle
L on X with deg(L|T )¿ 0 for every irreducible component T of X is birational
(resp. very ample) and C ⊂ X any union of irreducible components of X. Then every
spanned line bundle R on C with deg(R|T )¿ 0 for every irreducible component T of
C is birational (resp. very ample).
Proof. By Lemma 3 there is a spanned L∈Pic(X ) such that L|C ∼= R, deg(L|E)¿ 0
for every irreducible component E of X and such that the restriction map H 0(X; L)→
H 0(C; L|C) is surjective. Since hL is birational (resp. very ample) and hL|C induces
hR, R is birational (resp. very ample).
Remark 5. Let T be an integral projective curve and  :T → P2 a birational morphism
such that  (T ) is not a line. Set R :=  ∗(OP2 (1))∈Pic(T ) and V :=  ∗(H 0(P2;OP2 (1)))
⊆ H 0(T; R). Fix a general P ∈T and call . the rational map from T onto P1 obtained
composing  with a linear projection of  (T ) from  (P) onto a line. Then . is a mor-
phism, .∗(OP1 (1)) ∼= R(−P) and . is the morphism associated to the two-dimensional
subspace V∩H 0(T; R(−P)) of H 0(T; R(−P)). If deg( (T ))¿ 2, then . is not birational.
If deg( (T )) = 2, then  and . are isomorphisms on their images.
Theorem 5. Assume char(K)=0. Let X be a reduced and connected projective curve
such that every spanned line bundle R on X with deg(R|T )¿ 0 for every irreducible
E. Ballico / Journal of Pure and Applied Algebra 185 (2003) 7–23 13
component T of X is birational. Then there is a spanned L∈Pic(X ) such that the
morphism hL :X → Pn, n = h0(X; L) − 1, maps X onto a union of lines, hL|T is an
isomorphism onto a line for every irreducible component T of X and hL maps di<erent
irreducible components of X onto di<erent lines of Pn. In particular every irreducible
component of X is smooth and rational.
Proof. Fix any spanned L∈Pic(X ) such that deg(L|T )¿ 0 for every irreducible com-
ponent T of X and such that h0(X; L) is minimal for all such line bundles. We will see
that hL induces an isomorphism of each irreducible component of X onto a diDerent line
of Pn, n= h0(X; L)− 1. For any irreducible component T of X let V (T ) ⊆ H 0(T; L|T )
be the image of H 0(X; L) by the restriction map. By assumption V (T ) spans L|T and
induces a birational morphism T → P(V (T )∗). First assume the existence of an irre-
ducible component T of X such that dim(V (T ))¿ 4. Since char(K) = 0 and hL(T )
is in7nite, for every irreducible component C of X with C = T (if any) the linear
projection of hL(C) from a general point of hL(T ) is birational ([3], 7rst part of Th. 1).
Since char(K)=0, the general secant line to hL(T ) is not multisecant, i.e. for a general
P ∈ hL(T ) the linear projection of hL(T ) from P is birational. The proof of the trisecant
lemma given in [1], Proof of the Lemma at pp. 110–111, shows that for any two irre-
ducible components C, D of X with C = D, C = T and D = T and a general P ∈ hL(T )
a general line through P intersecting hL(C) does not intersect hL(D). Thus the compo-
sition  of hL with the linear projection from a general P ∈ hL(T ) induces a birational
morphism X → Pn−1, contradicting the minimality of n; indeed,  is equivalent (up
to a choice of a basis of H 0(X; L(−P))) to the morphism hL(−P). Now assume the
existence of an irreducible component T of X such that dim(V (T ))= 3. By Remark 5
for a general P ∈T the line bundle L(−P) is spanned and h0(X; L(−P))=h0(X; L)−1.
Since deg(L(−P)|C) = deg(L|C) for every irreducible component C = T of X and
deg(L(−P)|T ) = deg(L|T ) − 1¿ 0, the minimality of h0(X; L) gives a contradiction.
Thus for every irreducible component T of X we have dim(V (T )) = 2, i.e. hL(T ) is
a line. Since hL is birational, hL(X ) is the union of s lines, where s is the number of
the irreducible components of X . Since hL|T is birational, we also see that the normal-
ization T ′ of T is rational. However, since the composition of the normalization map
T ′ → T with hL|T must have degree one, we also see that T ′=T , i.e. every irreducible
component of X is smooth and rational. The last assertion also follows directly from
Lemmas 3 and 5 and Remark 2, without using the 7rst part.
Remark 6. Take X and L as in Theorem 5 and take two diDerent irreducible compo-
nents C, D of X . Since hL(C) and hL(D) are two diDerent lines, either hL(C)∩hL(D)=∅
or hL(C)∩hL(D) is a unique point. Since hL|C is injective, we obtain card(C∩D)6 1.
Now assume that X is as in Theorem 1. Hence L is very ample. If hL(C) and hL(D)
have a common point, P, then they have diDerent tangent lines at P because hL(C) =
hL(D). Hence C ∪ D has an ordinary node at the point h−1(P).
Theorem 6. Assume char(K)=0. Let X be a reduced and connected projective curve
such that every spanned line bundle R on X with deg(R|T )¿ 0 for every irreducible
component T of X is birational. Let L be any spanned line bundle on X such that
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deg(L|T )¿ 0 for every irreducible component T of X. Then hL maps isomorphi-
cally each irreducible component T of X onto a rational normal curve spanning a
deg(L|T )-dimensional linear subspace of P(H 0(X; L)∗).
Proof. We follow the proof of Theorem 5 just avoiding the assumption of the mini-
mality of the integer h0(X; L). Then we see as in the quoted proof how to obtain from L
another birationally very ample line bundle L′ for which h0(X; L′) is minimal. For any
irreducible component T of X we obtain dim(V (T ))=deg(hL(T ))−1 and that hL|T is
birational; indeed, in the proof of the case dim(V (T ))=3, we also saw using Remark 5
that either hL(T ) is a smooth conic (i.e. a plane rational normal curve) or the spanned
line bundle L(−P), P general in T , is not birational, while deg(L(−P))|C)¿ 0 for
every irreducible component C of X , contradicting our assumption on X . Since T is
smooth, we obtain that hL gives an embedding of T onto a minimal degree curve of
P(V (T )∗), i.e. an embedding of T as a rational normal curve of P(V (T )∗).
Example 1. There is a 7nite union X ⊂ Pn of lines such that there is a spanned line
bundle L on X with deg(L|T )¿ 0 for every irreducible component T of X , but L is
not very ample. Take n=2 and let X ⊂ P2 be the union of four diDerent lines. By the
adjunction formula we have !X ∼= OX (1). Hence for all smooth points P;Q of X we
have h1(X;OX (1)⊗ OX (P)) = h1(X;OX (1)⊗ OX (P +Q)) = 0. Thus by Riemann–Roch
we have h0(X;OX (1)⊗OX (P+Q))= h0(X;OX (1)⊗OX (P))+1= h0(X;OX (1))+1=4.
Set L := OX (1)⊗OX (P+Q). For degree reasons we have h1(X; L⊗IF)=0 for every
F ∈X . Hence by Riemann–Roch L is spanned. Since h0(X; L(−Q))=h0(X; L(−P−Q)),
L is not very ample.
Motivated by the proof of the last assertion of Theorem 1 which we will give below
and by Example 1 we introduce the following de7nition.
Denition 3. Let Y ⊂ Pn be a union of 7nitely many lines. We will say that Y is
special (resp. non-special) if h1(Y;OY (1)) = 0 (resp. h1(Y;OY (1)) = 0). The integer
h1(Y;OY (1)) is called the index of speciality of Y . If Y is special the maximal integer e
such that h1(Y;OY (e)) = 0 is called the order of speciality of Y . Y is called minimally
special if it is special and every proper subcurve of Y is non-special. Y is called
minimally with index of regularity ! if h1(Y;OY (1)) = !¿ 0 and for every proper
subcurve C ⊂ Y we have h1(C;OC(1))¡h1(Y;OY (1)).
Remark 7. Let Y ⊂ Pn be a union of 7nitely many lines. Then there exists a minimally
special subcurve C ⊆ Y .
Remark 8. Let Y ⊂ Pn be a union of 7nitely many lines and Yi, 16 i6 t, the con-
nected components of Y . We have h1(Y;OY (1)) =
∑t
i=1 h
1(Yi;OYi(1)). Hence Y is
non-special if and only if each Yi is non-special.
Remark 9. Let Y ⊂ Pn be a union of 7nitely many lines and C ⊂ Y the union
of some of the lines of Y . Let C′ ⊂ Y be the union of the lines of Y not in C.
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Hence C ∪C′ = Y and C ∩C′ is 7nite (or empty). We have the Mayer-Vietoris exact
sequence
0→ OY (1)→ OC(1)⊕ OC′(1)→ OC∩C′(1)→ 0 (2)
where C ∩ C′ is the scheme-theoretic intersection, not the set-theoretic one. Hence if
Y is non-special, then C is non-special.
Theorem 7. Let Y ⊂ Pn be a special connected union of lines. Set x:=h1(Y;OY (1))¿0.
(a) If Y is minimally special, then there exist x+1 smooth points Pi ∈Y , 16 i6 x+1,
such that the line bundle L := OY (1)⊗ OY (
∑x+1
i=1 Pi) is non-special, spanned, but
not very ample.
(b) If h1(Y;OY (1)) = 1, then there are two smooth points Q1; Q2 of Y such that the
line bundle OY (1)⊗ OY (Q1 + Q2) is non-special, spanned, but not very ample.
Proof. Every reduced curve is locally Cohen–Macaulay. By the duality theory for lo-
cally Cohen–Macaulay schemes we have h1(Y; L) = h0(Y; !Y ⊗ L∗). Hence there is
a non-zero 1∈H 0(Y; !Y ⊗ L∗). Since !Y is torsion free, 1 does not vanish iden-
tically on at least one irreducible component T of Y . Hence we have h0(Y; !Y ⊗
L∗(−P1)) = h0(Y; !Y ⊗ L∗) − 1 for a general P1 ∈T . Hence by duality we have
h1(Y;OY (1) ⊗ OY (P1)) = x − 1 and h0(Y;OY (1) ⊗ OY (P1)) = h0(Y;OY (1)). Hence P1
is in the base locus of the line bundle OY (1) ⊗ OY (P1). Since OY (1) is spanned,
P1 is scheme-theoretically the base locus of OY (1) ⊗ OY (P1). Inductively, we 7nd x
smooth points P1; : : : ; Px of Y such that h1(Y;OY (1)⊗OY (
∑x
i=1 Pi))=0, h
0(Y;OY (1)⊗
OY (
∑x
i=1 Pi)) = h
0(Y;OY (1)) and P1 + · · ·+ Px is scheme-theoretically the base locus
of OY (1) ⊗ OY (
∑x
i=1 Pi). Let Px+1 be any smooth point of Y and set L := OY (1) ⊗
OY (
∑x+1
i=1 Pi). We have h
1(Y; L)6 h1(Y;OY (1)⊗OY (
∑x
i=1 Pi))=0. By Riemann–Roch
we have h0(Y; L) = h0(Y;OY (1) ⊗ OY (
∑x
i=1 Pi)) + 1 and hence Px+1 is not in the
base locus of L. Since h0(Y; L(−Px+1 − Px)) = h0(Y; L(−Px+1)), L is not very ample.
Since OY (1) is spanned, L is spanned, except at most at the points Pi, 16 i6 x.
Hence to conclude the proof of parts (a) and (b) (under the corresponding assump-
tions) it is suMcient to show that for suitable P1; : : : ; Px+1 the vector space H 0(Y; L)
spans L at each point P1; : : : ; Px. First assume x = 1. Take as Px+1 a general point
of the same irreducible component T of Y containing Px. Since T × T is irreducible,
(Px; Px+1) is a general element of T × T and H 0(Y; L) spans L at Px+1, the vector
space H 0(Y; L) spans L at Px. Now assume x¿ 2 and Y minimally special. Take any
line T of Y and call C the closure of Y \ T in Y . By the minimality of Y we have
h1(C;OC(1)) = 0. Hence for x general points P1; : : : ; Px of T we have h1(Y;OY (1) ⊗
OY (
∑x
i=1 Pi)) = 0. Thus we may take as points P1; : : : ; Px+1 x+1 general points of T
and use the irreducibility of the product of x+1 copies of T as in the proof of the case
x = 1.
We would like to explain how we used the assumption that Y is minimally special
to prove part (a) of Theorem 7. Look at the last 7ve lines of the proof just given.
Even if Y is not minimally special, there are x smooth points P1; : : : ; Px of Y such
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that h1(Y;OY (1) ⊗ OY (
∑x
i=1 Pi)) = 0. By semicontinuity we may even assume that
each Pi is a general point of the irreducible component of Y containing it. However,
the next example shows that if Y is not minimally special, it may be impossible to
7nd an irreducible component T of Y containing all the points P1; : : : ; Px and this
is essential to repeat the 7rst part of the proof when x¿ 2; when we may 7nd an
irreducible component T of Y such that Pi ∈T for 16 i6 x, them we may take
Px+1 ∈T , too. The next example shows that in general part (a) of Theorem 7 is false
if Y is not minimally special. In this example x = 2 and P1; P2 cannot be chosen in
the same irreducible component. In this example no L is spanned. We do not know if
there are other conditions (diDerent from the minimality) which are suMcient for the
truth of part (a) of Theorem 7. Anyway, we believe that the notion of minimality is
interesting.
Example 2. Here we give an example showing that the statement of Theorem 7 cannot
be extended to all special unions Y of lines with h1(Y;OY (1))¿ 2. We will give an
example with n=4 and deg(Y )=8. Take two planes A; B in P4 with a unique common
point, P. Let C ⊂ A (resp. D ⊂ B) be any union of four distinct lines containing P.
Set Y := C ∪ D. X is connected. We have deg(Y ) = 8, pa(Y ) = 4, h0(Y;OY (1)) = 5,
h1(Y;OY (1)) = 2 (just use seven Mayer–Vietoris exact sequences (5)). Take 3 smooth
points P1; P2; P3 of Y with, say, P1 and P2 contained in A and P3 contained in B.
Set L := OY (1) ⊗ OY (P1 + P2 + P3). We easily obtain h1(Y; L) = 0. However, since
L|B ∼= OB(1)⊗ OB(P3) ∼= !B ⊗ OB(P3), P3 is a base point of L.
Proofs of Theorem 1. The result, except the last assertion, is a particular case of The-
orem 5. Fix any such L and assume h1(X; L)¿ 0. Since hL is an isomorphism, this is
equivalent to the speciality of the union of lines hL(X ). Let C ⊆ hL(X ) be a mini-
mally special subcurve of hL(X ). By Theorem 7 there is a spanned line bundle M on
C which is not very ample. By Lemma 3 there is a spanned line bundle R on hL(X )
with R|C ∼= M and deg(R|T )¿ 0 for every irreducible component T of hL(X ). Since
R is not very ample and hL is an isomorphism, this contradicts our assumption on X .
3. Proofs of Theorems 2 and 3
Remark 10. Let C be a reduced curve with x irreducible components with arithmetic
genus at least one and a¿ 0 smooth and rational irreducible components. Then every
very ample line bundle on C has degree at least 3x + a.
Remark 11. Let C be the stable genus g¿ 2 curve with g irreducible components,
each of them with arithmetic genus one, and L a very ample line bundle on C. By
Remark 10 we have d := h0(C; L)¿ 3g. Using g− 1 Mayer–Vietoris exact sequences
we obtain h1(C; L) = 0 and h0(C; L) = d+ 1− g¿ 4. Hence C has no linearly normal
embedding in P3 although, as all curves whose singularities have embedding dimension
at most three, it can be embedded in P3. This phenomenon cannot occur for irreducible
curves by Lemma 1.
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The following lemma is not sharp: we will just state and prove a result suMcient to
prove Theorems 2 and 3.
Lemma 6. Let X = A ∪ T be a reduced and connected nodal curve such that T is
integral and A is connected. Let R be a very ample line bundle on A such that
h1(A; R) = 0. Set x := pa(T ) + 3 if pa(T )¿ 2, x := 3 if pa(T ) = 1 and x := 1
if pa(T ) = 0. Set w := card(A ∩ T ). If either pa(T )¿ 0 or w¿ 3 :x any integer
y¿ 2w − 2. If pa(T ) = 0 and w6 2, :x any integer y¿w − 1. Then the general
L∈Pic(X ) with L|A ∼= R and deg(L|T ) = x + y is very ample and h1(X; L) = 0.
Proof. Since X is connected, w¿ 0. Let 4 be the set of all L∈Pic(X ) such that
L|A ∼= R and deg(L|T ) = x + y. Set 4′ := {L∈4: h1(X; L) = 0}. Hence 4 is an
irreducible variety and dim(4) =pa(T ) +w− 1. Take any L∈4. We have a Mayer–
Vietoris exact sequence
0→ L → L|A⊕ L|T → L|A ∩ T → 0 (3)
By (3) if h1(T; L|T )=0 and the restriction map 5L;T :H 0(T; L|T )→ H 0(A∩T; L|A∩T )
is surjective, then L∈4′ and the restriction map 5L;A :H 0(Z; L) → H 0(A; L|A) is sur-
jective. First assume pa(T ) = 0 and w6 2. Let hR :A → Pt , t = h0(A; R) − 1, be
the embedding induced by R. By (3) we have h0(X; L) = t + 2. See Pt as a hy-
perplane H of P(H 0(X; L)∗) ∼= Pt+1. Let D ⊂ Pt+1 be a smooth degree w curve
transversal to H and such that D ∩ H = hR(A ∩ T ). Hence hR(A) ∪ D ∼= A ∪ T
and OhR(A)∪D(1) is, up to this isomorphism, the very ample line bundle we needed
to prove the lemma. Hence from now on we may assume y¿ 2w − 2. Since x +
y − w¿pa(T ), for a general M ∈Picx+y(T ) we have h1(T;M (−(A ∩ T ))) = 0. Thus
h1(T;M) = 0 and the restriction map H 0(T;M) → H 0(A ∩ T;M |A ∩ T ) is surjective.
Hence by Remark 1 4′ is a non-empty open subset of 4. Set 4′′ := {L∈4′ :
L|T is very ample and h1(T; (L|T )(−(A ∩ T ))) = 0}. By Remark 1 and Lemma 1
(or just the existence of degree x very ample line bundles on T if pa(T )6 1) the
set 4′′ is a non-empty open subset of 4′. To check that a general L∈4′′ is very
ample it is suMcient to show that h1(X; L ⊗IZ) = 0 for every zero-dimensional sub-
scheme Z of X with length(Z) = 2 ([4], Remarks 2.1 and 2.2). First assume Z ⊂
A. Since R is very ample and h1(A; R) = 0, we have h1(A; R ⊗ IZ) = 0. Assume
for the moment Zred ∩ T = ∅. The restriction map H 0(T; L|T ) → H 0(A ∩ T; L|A ∩
T ) is surjective because deg(L|T )¿pa(T ) + card(A ∩ T ) − 1 and L|T is general.
Since L ⊗ IZ is torsion free, the sequence obtained tensoring (3) with IZ is ex-
act. Since h1(T; L|T ) = 0, we obtain h1(X; L ⊗ IZ) = 0. Now assume Zred ∩ T = ∅.
Since length(Z) = 2, we have length(Z ∩ T )6 2. Thus the vanishing of h1(T; L|T )
and the very ampleness of L|T implies h1(T; (L|T ) ⊗ IZ∩T;T ) = 0. The natural map
L ⊗ IZ → (L|A) ⊗ IZ;A ⊕ (L|T ) ⊗ IZ∩T;T is injective because it is injective at a
general point of A and at a general point of T and the sheaf L ⊗IZ is torsion free.
Hence we conclude as in the case Zred ∩ T = ∅. Now assume Z ⊂ T ; we allow
the case Zred ∩ A = ∅. First assume w¿ 2. For a general M ∈Picx+y(T ) we have
h1(T;M (−(A ∩ T )) ⊗ IZ)= 0 for all length two schemes Z ⊂ T . From (3) we ob-
tain that for a general L∈4′′ we have h1(X; L⊗IZ) = 0 for all length two schemes
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Z ⊂ T . Now assume w = 1. Since L is spanned and 5L;A is surjective, the restriction
map H 0(A; R) → H 0(A ∩ T; L|A ∩ T ) is surjective. Hence (3) gives the surjectiv-
ity of the restriction map 5L;T :H 0(X; L) → H 0(T; L|T ). Notice that the set B(Z) :=
{M ∈Picx+y(T ) : h1(T;M ⊗ IZ)¿ 0} has codimension at least 3 in Picx+y(T ) with
the convention that the emptyset has arbitrary codimension. Since T has only pla-
nar singularities, the set of all length two subschemes of T has dimension two. Thus
for a general L∈4′ we have H 1(T; (L|T ) ⊗ IZ) = 0 for all length two subschemes
Z of T . Now assume Z = {P;Q} with P ∈A \ A ∩ T and Q∈T \ A ∩ T . We have
h1(A; (L|A)⊗I{P}) = 0 (resp. h1(T; (L|T )⊗I{Q}) = 0) because h1(A; L|A) = 0 (resp.
h1(T; L|T )=0) and L|A (resp. L|T ) is spanned. Since the restriction map H 0(T; L|T )→
H 0(A ∩ T; L|A ∩ T ) is surjective, we conclude in the usual way. If Z reduced and
Z ∩ A ∩ T = ∅, then either Z ⊂ A or Z ⊂ T and we considered before this case.
Now assume Zred = P ∈A ∩ T , Z * A and Z * T . Hence Z is a Cartier divisor
of X . Since L ⊗ IZ is locally free, we have deg(L ⊗ IZ) = deg((L ⊗ IZ)|A) +
deg((L ⊗ IZ)|B). We have L ⊗ IZ |A ∼= R(−P) and L ⊗ IZ |A ∼= (L|T )(−P). Since
R is very ample and h1(A; R) = 0, we have h1(A; R(−2P)) = 0. Hence to obtain
H 1(T; (L|T ) ⊗ IZ) = 0 it is suMcient to take L such that h1(T; (L|T )(−2P)) = 0.
Since A ∩ T is 7nite, we may 7nd L such that L|T satis7es this condition for every
P ∈A ∩ T .
Proofs of Theorems 2 and 3. Theorem 2 is a particular case of Theorem 3. The “if”
part of the last assertion of Theorem 3 follows from Remark 10. Take X and Y as in
the statement of Theorem 3. Take an ordering T1; : : : ; Ts of the irreducible components
of X such that for all integers j with 16 j6 s the curve Aj := T1 ∪ · · · ∪ Tj is
connected and Y =As−m. Let cj, 16 j6 s, be the minimal integer such that there is a
degree cj very ample and non-special line bundle on Aj. Fix an integer j¡ s and set
w := card(Aj ∩ Tj+1). If pa(Tj+1) = 0 and w6 2, then cj+16 cj + w (Lemma 10). If
pa(Tj+1) = 0 and w6 3, then cj+16 cj + 2w − 1 (Lemma 10). If pa(Tj+1) = 1, then
cj+16 cj + 2w+ 1 (Lemma 10). If pa(Tj+1)¿ 2, then cj+16 cj + 2w+ 1+pa(Tj+1)
(Lemma 10). Thus if pa(Aj+1)¿pa(Aj) we have cj+16 cj + 3(pa(Aj+1) − pa(Aj))
with strict inequality unless pa(Tj+1) = 1 and w= 1, while if pa(Aj+1) =pa(Aj), then
cj+16 cj+1. By Lemma 1 we have c16pa(T1)+3 if pa(T1)¿ 2. We obviously have
c1 = 1 if pa(T1) = 0 and c1 = 3 if pa(T1) = 0. Notice that each curve Aj is connected
and nodal. Hence after s−m−1 steps we obtain cs−m6 3g+k and after m more steps
we obtain cs6 3g+ k + m, concluding the proof.
4. Factorizations of maps h :X → P1
Denition 4. Let X be a reduced and connected projective curve. Let gon(X ) be the
minimal degree of a morphism f :X → P1 not contracting any irreducible component
of X , i.e. the minimal degree of a spanned line bundle on X whose restriction to every
irreducible component of X has positive degree. Let gon(X; w) be the minimal degree
of a non-constant morphism f :X → P1, i.e. the minimal degree of a spanned and
non-trivial line bundle on X . The integer gon(X ) (resp. gon(X; w)) will be called the
gonality (resp. weak gonality) of X .
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Obviously, gon(X ) = gon(X; w) if X is integral.
Denition 5. Let X be a reduced and connected projective curve and f :X → P1,
h :X → P1 non-constant morphisms. We will say that f and h are not composed with
the same involution, or just that they are not composed if the associated morphism
u = (f; h) :X → P1 × P1 is birational onto its image, i.e. if u does not contract
any irreducible component of X , its restriction to any irreducible component of X is
birational and u(T ) = u(T ′) for all irreducible components T , T ′ of X with T = T ′.
Otherwise, will say that they are composite through the same involution.
Lemma 7. Let f :X → Y be a :nite and birational morphism between reduced and
connected projective curves. Then h1(X;OX )6 h1(Y;OY ).We have h1(X;OX )= h1(Y;OY )
if and only if f is an isomorphism.
Proof. Since f is 7nite, we have R1f∗(OX )=0. Hence the Leray spectral sequence of f
gives h1(X;OX )=h1(Y; f∗(OX )). The birationality of f is equivalent to the surjectivity
of f (i.e. the injectivity of the natural map j :OY → f∗(OX )) and that f∗(OX )=j(OY )
is a skyscraper sheaf. Thus H 1(Y; f∗(OX )=j(OY )) = 0. Hence from the cohomology
exact sequence obtained from the inclusion j we get h1(X;OX )6 h1(Y;OY ). Since
h0(X;OX )=h0(Y;OY )=1, the natural map H 0(Y;OY )→ H 0(X;OX ) is an isomorphism.
Thus h1(X;OX )=h1(Y;OY ) if and only if h0(Y; f∗(OX )=j(OY ))=0. Since f∗(OX )=j(OY ))
is a skyscraper sheaf, h0(Y; f∗(OX )=j(OY )) = 0 if and only if f∗(OX )=j(OY ) is the
zero-sheaf. By the surjectivity of f, the general theory of 7nite morphisms shows that
the latter condition is satis7ed if and only if f is an isomorphism.
Proposition 2. Let X be a reduced and connected projective curve and f :X → P1,
h :X → P1 non-constant morphisms not composed with the same involution. Assume f
:nite or h :nite. Set g := pa(X ), a := deg(f) and d := deg(h). Then g6 1+ad−a−d
and g = 1 + ad − a − d if and only if the pair (f; h) induces an embedding of X
into P1 × P1 as a reduced e<ective divisor of type (a; d). Hence X has only planar
singularities if g= ad− a− d+ 1.
Proof. By assumption the pair (f; h) induces a 7nite morphism u=(f; h) :X → P1 ×
P1. Since, f and h are not composed with the same involution, u is birational. Hence
Im(u) is a curve of type (a; d) on P1×P1. By Lemma 7 we have g6pa(Im(u)). By
the adjunction formula we have pa(Im(u))=1+ ad− a−d. Hence g6 1+ ad− a−d
and g= 1 + ad− a− d if and only if u is an isomorphism (Lemma 7).
Corollary 4. Let X be a reduced and connected projective curve. Set g := pa(X )
and a := gon(X; w). Fix a positive integer d such that g¿ 1 + ad − a − d and let
h :X → P1 be a degree d :nite morphism. Then for every morphism f :X → P1
computing gon(X; w), f and h are composed with the same involution.
Remark 12. Let X be reduced eDective Cartier divisors of type (a; d) on a smooth
quadric surface P1 × P1. The two projections of P1 × P1 induce two morphisms from
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X into P1. These morphisms are 7nite if and only if no irreducible component of X
is a line.
5. Proof of Theorem 4
Lemma 8. Let X be a reduced projective curve and C ⊂ X any closed subcurve. Fix
M ∈Pic(C). Then there exists L∈Pic(X ) such that L|C ∼= M and for every integer
t ¿ 0 the restriction map 5(t) :H 0(X; L⊗t)→ H 0(C; L⊗t |C) is surjective.
Proof. Let T be the closure of X \ C in X . By Remark 1 there is L∈Pic(X ) such
that L|C ∼= M . Fix any such L. For every integer t¿ 1 we have the Mayer–Vietoris
exact sequence:
0→ L⊗t → L⊗t |C ⊕ L⊗t |T → L⊗t |C ∩ T → 0 (4)
Hence it is suMcient to take L such that H 1(T;IC∩T⊗(L⊗t |T ))= 0 and this is obviously
possible taking as L a line bundle with very high degree on each irreducible component
of X .
The proof of Lemma 8 gives the following result.
Lemma 9. Let X be a reduced and connected projective curve and C ⊂ X any closed
connected subcurve. If every very ample line bundle on X has Property N0, then every
very ample line bundle on C has Property N0.
The following result was proved in [5], p. 302, if the general hyperplane section
of the embedded curve hL(C) is in linearly normal position and hence in particular
if char(K) = 0; with the numerical assumptions of the next lemma it is very easy to
check that the general hyperplane section H ∩ hL(C) of hL(C) is in linearly general
position for the following reason. Set d := deg(L) and n := h0(C; L) − 1. We have
n= d−pa(C) and hence n− 1¿ [(d+1)=2], while H ∩ hL(C) is a set of d points in
semi-uniform position in the sense of [2] spanning the (n− 1)-dimensional projective
space H . In the critical case for our applications (i.e. d= 7, pa(C) = 3 and n= 4) it
is easy to check that the union, A, of any 7 points of P3 in semi-uniform position and
spanning P3 is in linearly general position and hence we may apply the case p = 0
of [5], Th. 2.1, as in [5], statement labelled (∗) at p. 302, or just see directly that
h1(P3;IA(2)) = 0 using reducible quadric surfaces.
Lemma 10. Let C be an integral projective curve. Every line bundle L on C with
deg(L)¿ 2pa(C)+ 1 is very ample and the associated linearly normal embedding hL
has arithmetically normal image.
We will use the following example in the proof of Lemma 11.
Example 3. Let S ⊂ P3 be a quadric cone and Q its vertex. Let 1 :V → S be the
blowing-up of S at Q. V is a smooth surface isomorphic to the Hirzebruch surface F2.
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Call u :V → P1 the ruling of V . We have Pic(V ) ∼= Z⊕2 and we may take as a basis
of Pic(V ) the smooth rational curve h := 1−1(Q) and any 7ber, f, of the ruling u.
We have h2 =−2, h ·f=1 and f2 = 0. The canonical line bundle of V is −2h− 4f.
The morphism V → P3 induced by 1 is given by the complete linear system |h+2f|.
Let X ⊂ S be an integral curve with deg(X ) = 6 and X with multiplicity four at Q
and C ⊂ V the strict transform of X in V . Thus C ∈ |h+ 6f|. Thus C is smooth and
rational. A planar singularity with multiplicity four has ;-genus at least 6 (and exactly
6 if and only if the singularity is an ordinary singularity with multiplicity four). Thus
if X has a planar singularity at Q, then pa(X )¿pa(C) + 6 = 6. Thus pa(X ) = 3 if
X has only planar singularities.
Lemma 11. Let C be an integral projective curve with only planar singularities. Every
very ample line bundle on C has Property N0 (i.e. its embedding has arithmetically
Cohen–Macaulay image) if and only if either pa(C)6 2 or pa(C) = 3 and C is not
hyperelliptic.
Proof. Set g := pa(C). If g6 2, then every linearly normal embedding has Property N0
by Lemma 10 and the same is true if g=3 for non-special linearly normal embeddings
in Pn, n¿ 4. If g=3 the only special linearly normal embedding may be the canonical
one. Now we look at the linearly normal non-special embeddings in P3. It is easy
to check that the general degree g + 3 line bundle L on C is non-special and very
ample. We have h0(C; L⊗2) = 2d+ 1− g= g+ 7. Since h0(P3;OP3 (2)) = 10, L cannot
have Property N0 if g¿ 4, while if g = 3 L has Property N0 if and only if hL(C) is
not contained in a quadric surface S (for the “if ” part use Castelnuovo–Mumford’s
lemma). Assume g=3. The case C smooth was done by M. Homma in [6] and we will
adapt his proof. Assume hL(C) contained in a quadric surface S. Since C is irreducible,
S is irreducible. First assume S smooth. Since the complete intersection of S with a
cubic surface is a canonically embedded curve of genus 4, hL(C) has type (2; 4) or
(4; 2) as a divisor of S. Thus one ruling of S induces a hyperelliptic pencil on C. Now
assume S singular. Let Q be the vertex of S. Let 1 :V → F2 be the blowing-up of S at
Q. The linear projection from Q sends surjectively hL(C) onto the smooth conic which
is a basis of the cone S. If a is the degree of this rational map and $ the multiplicity
of hL(C) at Q we have 2a + $ = 6. Hence (a; $) = (3; 0), (2; 2) or (1; 4). The case
(a; $) = (1; 4) was excluded in Example 3. If (a; $) = (3; 0), then Q ∈ hL(C). Hence
hL(C) is the complete intersection of S with a cubic surface; by the adjunction formula
we have pa(hL(C))=4, contradicting the very ampleness of L. If (a; $)=(2; 2), then C
is hyperelliptic. Now assume C hyperelliptic. The case C smooth was done in [6] and
here we will check that the general case is similar. Call u :C → P1 the hyperelliptic
pencil. The general degree four line bundle on C has h1(C; R) = 0 and it induces a
degree four morphism v :C → P1 such that the morphism (u; v) :C → P1 × P1 ⊂ P3
is the complete embedding associated to a very ample line bundle L with deg(L) = 6
and h1(C; L) = 0. By construction hL(C) is contained in a smooth quadric surface and
hence L has not Property N0.
From Lemmas 11 and 9 we immediately obtain the following result.
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Corollary 5. Let X be a reduced and connected projective curve such that all very
ample line bundles on X have Property N0 and let T be any irreducible component
of X with only planar singularities. Then pa(T )6 3 and if pa(T ) = 3, then T is not
hyperelliptic.
Remark 13. Fix integers n, g such that n¿ 3 and g¿ (n2−n+2)=2. Let X be a reduced
and connected curve with pa(X ) = g such that there is a very ample line bundle L on
X with h1(X; L) = 0 and h0(X; L) = n+ 1. Since deg(L) = g+ n (Riemann–Roch) and
2(g+ n) + 1− g¿ ( n+22 ), L has not Property N0.
Lemma 12. Let V ⊂ Pn be a linear subspace. Then for all integers t¿ 2 the multipli-
cation map $V; t :H 0(Pn;IV (1))⊗H 0(Pn;OPn(1))⊗(t−1) → H 0(Pn;IV (t)) is surjective.
Proof. Choose homogeneous coordinates x0; : : : ; xn on Pn such that V = {xm+1 = · · ·=
xn = 0}. For every f∈H 0(Pn;IV (t)) there are homogeneous degree t − 1 polyno-
mials Fi, m + 16 i6 n, such that f =
∑n
i=m+1 xiFi. Since the multiplication map
H 0(Pn;OPn(1))⊗(t−1) → H 0(Pn;OPn(t − 1)) is surjective, we are done.
Proposition 3. Let X be a reduced and connected projective curve and A, B connected
subcurves of X such that A ∪ B = X and Z := A ∩ B (scheme-theoretic intersection)
is a :nite scheme. Set z := length(Z). Let L be a very ample line bundle on X.
Assume that the restriction map H 0(X; L) → H 0(Z; L|Z) ∼= OZ is surjective. Then
h0(X; L) = h0(A; L|A) + h0(B; L|B)− z and h1(X; L) = h1(A; L|A) + h1(B; L|B). If L has
Property N0, then L|A and L|B have Property N0. Assume also that Z is reduced,
that every point of Z is an ordinary node of X and that 〈hL(Z)〉 ∩ hL(X ) = hL(Z)
(scheme-theoretic intersection inside P(H 0(X; L)∗)). If L|A and L|B have Property N0,
then L has Property N0.
Proof. The restriction map H 0(A; L|A) → H 0(Z; L|Z) is surjective because the restric-
tion map H 0(X; L)→ H 0(Z; L|Z) factors through H 0(A; L|A). Hence from the case t=1
of the following Mayer–Vietoris exact sequence
0→ L⊗t → L⊗t |A⊕ L⊗t |B → L⊗t |Z → 0 (5)
we obtain h0(X; L) = h0(A; L|A) + h0(B; L|B)− z, h1(X; L) = h1(A; L|A) + h1(B; L|B) and
〈hL(A)〉∩〈hL(B)〉= 〈hL(Z)〉. The restriction map 5t :H 0(X; L⊗t)→ H 0(Z; L⊗t |Z) is sur-
jective and hence the map H 0(A; L⊗t |A)→ H 0(Z; L⊗t |Z) is surjective. From (5) we also
see that if the multiplication map $L; t :H 0(X; L)⊗t → H 0(X; L⊗t) is surjective, then the
multiplication maps $L|A; t :H 0(A; L|A)⊗t → H 0(A; L⊗t |A) and $L|B; t :H 0(B; L|B)⊗t →
H 0(B; L⊗t |B) are surjective. Hence if L has Property N0, then L|A and L|B have Property
N0. Now assume that L|A and L|B have Property N0 and that 〈hL(Z)〉 ∩ hL(X )= hL(Z)
(scheme-theoretic intersection inside P(H 0(X; L)∗)). Fix an integer t¿ 1. We need to
check the surjectivity of $L; t . First, we will check that H 0(X;IZ ⊗ L⊗t) ⊆ Im($L; t).
Since Im($L; t) is a linear space, it is suMcient to show that a general f∈H 0(X;IZ ⊗
L⊗t) is an element of Im($L; t). Let D be the eDective Cartier divisor associated to f.
By the generality of f we have D = 2Z + DA + DB with DA ⊂ A \ Z , DA an
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eDective Cartier divisor associated to L⊗t |A(−Z), DA ⊂ A \ Z , DA + Z an eDective
Cartier divisor associated to L⊗t |A and similarly for DB and DB+Z . Apply Lemma 12
to the linear spaces 〈hL(A)〉 and 〈hL(B)〉 with respect to the linear subspace 〈hL(Z)〉.
Choose homogeneous coordinates xi; wj; yh of P(H 0(X; L)∗) such that 〈hL(A)〉 has equa-
tions xi =0 and 〈hL(B)〉 has equations yh =0. Thus 〈hL(Z)〉 has equations xi = yh =0.
By Lemma 12 and Property N0 for L|A, the divisor DA + Z is the intersection with
hL(A) of a hypersurface with equation F=
∑
j wjFj with Fj degree t−1 homogeneous
polynomial in the variables w!; yh. Similarly, the divisor DB+Z is the intersection with
hL(B) of a hypersurface with equation G=
∑
j wjGj with Gj degree t−1 homogeneous
polynomial in the variables w!; xi. The homogeneous polynomial F +G cuts on hL(X )
the divisor 2Z + DA + DB, concluding the proof that H 0(X;IZ ⊗ L⊗t) ⊆ Im($L; t).
Since the map H 0(X; L)⊗t → H 0(Z; L⊗t |Z) ∼= OZ is surjective, we easily see that
Im($L; t)∩H 0(X;IZ ⊗L⊗t) has codimension z in Im($L; t). Since H 0(X;IZ ⊗L⊗t) has
codimension z in H 0(X; L⊗t), $L; t is surjective.
Proof of Theorem 4. The “only if” part follows from Lemma 9 and Lemma 11. The
“if” part follows from Proposition 3 and Lemma 11.
Remark 14. Let C be a stable genus g curve with g irreducible components, each
of them having arithmetic genus one. Let L be a very ample line bundle on C. If
deg(L|T )=3 for some irreducible component T of C, then hL(T ) is a plane cubic and
hence the homogeneous ideal of hL(C) is not generated by quadrics. Hence L has not
Property N1 of [5]. If hL(C) has Property Ni of [5] for some i¿ 0, then deg(L|T )¿ i+3
for every irreducible component T of C and in particular deg(L)¿ (3 + i)pa(C).
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